Abstract. Using modern language, we extend Greenberg's original definition of the functor that bears his name to arbitrary schemes over (certain types of) local artinian rings. We then establish a number of basic properties of the extended functor and determine its behavior under Weil restriction.
Introduction
The Greenberg functor, originally introduced in [Gre1] , plays an important role in Arithmetic Geometry, most recently in the work of Nicaise and Sebag [NS, NS2] . See also [Beg, BLR, CGP, Lip] . Unfortunately, Greenberg's construction is difficult to follow since it uses in part a pre-Grothendieck language [Gre1, §1] to describe the key construction of Greenberg algebras. This fact may very well lie at the root of a recurring inaccuracy which exists in the literature (see below). In this paper we review and extend Greenberg's construction using a modern language and establish a number of basic properties of the resulting functor. Although some of these properties can be seen as refinements of known properties of the (old) Greenberg functor, others are not. For example, we show here for the first time (in the unequal characteristics case) that the Greenberg functor preserves quasi-projective schemes. See Proposition 5.1. We also describe (again, for the first time) the kernel of the change-of-level morphism (4.6) for possibly non-smooth and non-commutative group schemes. See Proposition 7.2. The main result of this paper, however, is the complete determination of the behavior of the Greenberg functor under Weil restriction. See Theorem 6.3 below. To our knownledge, only a very specific instance of this result has appeared in the literature before (within the context of formal geometry), namely [NS, Theorem 4.1] . We now present a particular case of Theorem 6.3.
Let R be a complete discrete valuation ring with maximal ideal m and perfect residue field k = R/m. For each integer n ≥ 0, set R n = R/m n+1 . Combining Theorem 6.3 with Proposition 5.1 and Remark 2.14(a), we obtain Theorem 1.1. Let R ′ be a finite extension of R with perfect residue field k ′ and ramification index e. Let n ≥ 1 be an integer and let Z be a quasi-projective R ′ ne−1 -scheme. Then ℜ k ′ /k Gr R ′ ne−1 (Z) and ℜ R ′ ne−1 /R n−1 (Z) exist and ℜ k ′ /k Gr R ′ ne−1 (Z) = Gr R n−1 ℜ R ′ ne−1 /R n−1 (Z) . The preceding result has already been applied in [CR, §14] . We now describe the contents of the paper. The extended preliminary Section 2 consists of six subsections. Subsections 2.1 and 2.2 introduce notation and recall basic material on Witt vectors. Subsection 2.3 contains a discussion of Greenberg algebras following the careful presentation of Nicaise and Sebag in [NS, pp. 1591-94] . Incidentally, these authors seem to have been the first to note that a certain formula involving Greenberg algebras which appears in the literature is incorrect. See Remark 3.5(d). We have called this incorrect formula a recurring inaccuracy above because it appears in [ADT, p. 259, line 5] , [BLR, p. 276, and, more recently, [Sta] (fortunately without consequences. See [Sta2] ). Subsection 2.4 is a discussion of the Weil restriction functor ℜ S ′ /S which contains some precisions on the basic existence theorem [BLR, §7.6, Theorem 4, p. 194] . In particular, we record here the fundamental fact that the Weil restriction of a scheme along a finite and locally free universal homeomorphism always exists. Subsections 2.5 and 2.6, which are relevant for Section 7, contain basic information on vector bundles and the fpqc topology.
In Section 3 we reexamine Greenberg's original definition of the functor of finite level n that bears his name and extend it to the full category of R n -schemes. We do so via a standard limit process.
In Section 4 we discuss the change of level morphism (4.6) associated to an R nscheme Z and establish some of its basic properties. For example, we show that (4.6) is surjective if Z is formally smooth. When Z is smooth and of finite type over R n , this result was obtained by Greenberg [Gre2, Corollary 2, p . 262] using a method which differs from the one presented here.
Section 5 records a number of basic results on the Greenberg functor of finite level. For example, we show that it preserves quasi-projective schemes (see Proposition 5.1). As noted above, this result is new in the unequal characteristics case (in the equal characteristics case, the Greenberg functor of level n coincides with the Weil restriction functor ℜ Rn/k and the corresponding result is a particular case of [CGP, Proposition A.5.8 
]).
In the final Section 7 we describe the kernel of the change of level morphism (4.6) for a (possibly non-smooth and non-commutative) group scheme which is locally of finite type over R n . Acknowledgements We thank James Borger and Maurizio Candilera for helpful comments on Witt vectors, Brian Conrad, Philippe Gille and Angelo Vistoli for enlightening comments on Weil restriction and the fpqc topology and Johannes Nicaise for helpful comments on the contents of Subsection 2.3. We also thank Michel Raynaud for answering some of our questions regarding Bégueri's thesis.
Preliminaries
2.1. Notation and terminology. We will write N 0 for the set {0, 1, 2, . . . }. All rings considered in this paper are commutative with identity. A morphism of group schemes is a homomorphism. If A is a ring, A red = A/Nil(A) is the reduced ring associated to A. If X is a scheme, |X| will denote its underlying topological space. A scheme of finite type (respectively, locally of finite type) over a field will be called algebraic (respectively, locally algebraic). If S is a scheme, (Sch/S ) will denote the category of schemes over S. If X and Y are S-schemes, then the set of morphisms of S-schemes X → Y will be denoted by Hom S (X, Y ). If A is a ring and S = Spec A, we will write (Sch/A) for (Sch/S) and Hom A (X, Y ) for Hom S (X, Y ). If f : X → Y is a morphism of S-schemes and S ′ → S is any morphism, we will write f × S S ′ for f × S Id S ′ : X × S S ′ → Y × S S ′ . If Y = S, we will identify Y × S S ′ with S ′ and f × S S ′ with the second projection p 2 : X × S S ′ → S ′ . When S is clear from the context, we will write X S ′ for X × S S ′ . If S ′ = Spec B is affine, the latter will be written X B .
Let S be a scheme. If X is a scheme over S and f : S → T is a morphism of schemes, we will write X f for the scheme X regarded as a scheme over T via f , i.e., X f is the T -scheme X → S f → T. By [EGA I new , Proposition 1.3.10, p. 34] , if Y is a T -scheme and p 1 : Y × T S → Y is the first projection, the map (2.1)
is a bijection. Now, by [EGA IV 3 , Proposition 8.2.3] , if S is a nonempty scheme, Λ is a directed set and (X λ ) λ∈Λ is a projective system of S-schemes with affine transition morphisms, then X = lim ← − X λ exists in (Sch/S). Thus, for any S-scheme Z, there exists a canonical bijection (2.2) Hom S Z, lim ← − X λ = lim ← − Hom S (Z, X λ ).
Witt vectors.
Let p be a prime number. For any ring A, let W (A) denote the ring of p-typical Witt vectors on A. By definition, W (A) is the set A N 0 endowed with laws of composition defined by certain polynomial maps. See [SeLF, II, §6] or [Ill, §1] for details. The map V : W (A) → W (A), (a 0 , a 1 , . . . ) → (0, a 0 , a 1 , . . . ), is an additive operator on W (A) called the Verschiebung. For any integer n ≥ 1, W n (A) = W (A)/V n W (A) is the ring of Witt vectors of length n. We have W 1 (A) = A and, for each n, there exist canonical ring epimorphisms W n+1 (A) → W n (A) so that W (A) = lim ← − W n (A). Now let k be a perfect field of positive characteristic p and let n ≥ 0 be an integer. If A is a k-algebra, there exists a canonical epimorphism of
, if the Frobenius endomorphism of A is surjective (see, e.g., [Lip, p. 20, ). Thus we may write
Now let W n (respectively, W ) denote the k-ring scheme of Witt vectors of length n ≥ 1 (respectively, of infinite length) defined, for example, in [DG, V, §1] . As a scheme, W n is isomorphic to affine n-space A n k . Further, for any k-algebra A,
The infinite-length variant of this construction will be denoted by W (Y ).
2.3. Greenberg algebras. Let R be a complete discrete valuation ring with valuation v, field of fractions K, maximal ideal m and perfect residue field k = R/m. We will write k for a fixed algebraic closure of k and p for the characteristic of k if this is positive. We will say that R is a ring of equal (respectively, unequal ) characteristics if char R = chark (respectively, char R = chark). In the unequal characteristics case, we have (char R, chark) = (0, p), where p = chark > 0. Now, for any integer n ≥ 0, set R n = R/m n+1 and M n = m/m n+1 . Then R n is an artinian local ring with maximal ideal M n . We will write S = Spec R, S n = Spec R n and q n for the canonical projection map R → R n . For any pair of integers m, i ≥ 0, we let θ m i : S m → S m+i be the morphism induced by the canonical map R m+i → R m . Note that θ m i is a nilpotent immersion [EGA I new , (4.5.16), p. 273] . If X is an S-scheme, we will write X s for the special fiber of X over S, i.e.,
Further, if f : X → Y is a morphism of S-schemes, we will write
A similar notation will apply to S n -schemes and S n -morphisms of schemes, where n ≥ 0 is any integer.
If R is a ring of equal characteristics, then there exists a (possibly non-unique) monomorphism of rings τ R : k → R (which we now fix) such that q 0 τ R = Id k . If k has positive characteristic or is an algebraic extension of Q, then τ R is, in fact, unique and the induced k-algebra structure on R is canonical. See [DG, V, §4, no.2, Corollary 2.3, p. 607, and Remark 2.5, p. 608] . See also [SeLF, II, §4, proof of Theorem 2, . Further, by [SeLF, II, §4, Theorem 2, p. 33] , there exists an
→ R, where t is an indeterminate. We now fix the preceding isomorphism and write π := ξ(t). Then π is a uniformizing element of R, i.e, m = (π). Note that, if π n := q n (π) ∈ R n , then R n is a free k-module of rank n + 1 with basis 1, π n , . . . , π n n for any n ≥ 0. We will regard S and each S n as a k-scheme via Spec(τ R ) and Spec(q n τ R ), respectively.
The Greenberg algebra associated to R n is the k-ring scheme (2.4)
Rn , where ℜ Rn/k is the Weil restriction functor associated to the finite and locally free morphism Spec(q n τ R ) : S n → Spec k. Note that R 0 = A 1 k . As a scheme, R n is isomorphic to A n+1 k (see, e.g., [BLR, §7.6, proof of Theorem 4, 
In particular, R n (Spec k) = R n .
In the unequal characteristics case, we follow the exposition in [NS, pp. 1591-94] and [NS2] . Let p = chark > 0. The integer ρ = v(p) ≥ 1, which agrees with the ramification index of K/Q p , is called the absolute ramification index of R. When ρ = 1, R is called absolutely unramified. There exists a unique k-monomorphism of rings W (k) ֒→ R such that R/W (k) is an extension of ramification index and degree both equal to ρ (see [SeLF, II, §5, Theorem 4, p. 37] ). In particular, R is absolutely unramified if, and only if, R = W (k). Assume now that ρ > 1, so that R is totally ramified over W (k). Then, by [SeLF, II, §5, Theorem 4, p. 37] , there exists an isomorphism ξ : W (k) [t] ∼ → R, where t satisfies an "Eisenstein equation" of degree ρ over W (k), i.e., f (t) := t ρ + a 1 t ρ−1 + · · ·+ a ρ = 0, where a i ∈ W (k), p | a i for all i and p 2 ∤ a ρ . We now fix the above isomorphism and write π := ξ(t), which is a uniformizing element of R. The artinian local ring R n has characteristic p m , where m = min{s ∈ Z | s ≥ (n + 1)/ρ}. Consequently, R n is canonically an algebra over
Note that, since W (k) and R are local rings with the same residue field, the length of R n as a W (k)-module is equal to its length as an R-module, which is n + 1 (see, e.g., [Liu, Chapter 7, Lemma 1.36(a), p. 262] ). On the other hand, length W (k) (W n i (k)) = n i for every i and (2.6) shows that n + 1 = n 0 + · · · + n r . Further, the underlying set of R n can be identified with k n 0 × · · · × k nr = k n+1 in such a way that the ring structure on R n , which is defined by the rules f (π n ) = π n+1 n = 0, corresponds to a ring structure on k n+1 given by polynomial maps. In this way we obtain a k-ring scheme R n which is called the Greenberg algebra associated to R n . As a scheme, R n is isomorphic to A n+1 k and satisfies R n (Spec k) = R n . Note that R 0 = A 1 k . Further, if R is absolutely unramified, i.e., R = W (k), then R n is isomorphic to W n+1 as a W -algebra scheme. In general, R n is isomorphic to r i=0 W n i as a W -module scheme [Lip, proof of Proposition A.1, p. 75] .
The above constructions of the k-ring schemes R n are particular instances of the general constructions in [Gre1, §1] . In modern terminology, [Gre1, §1] associates to any artinian local ring A with perfect residue field k a k-ring scheme A so that the following condition holds: if ϕ : A ′ → A is a homomorphism of artinian local rings as above which respects the chosen k-algebra structures in the equal characteristics case and induces the identity on k in the unequal characteristics case, then ϕ induces a k-morphism A ′ → A of associated k-ring schemes. See [Gre2, p. 1] . Further, [Gre1, §1] associates to any finitely generated A-module M a module k-scheme M over the k-ring scheme A so that any homomorphism M ′ → M of finitely generated
Now recall the ideal M n = m/m n+1 ⊂ R n (n ≥ 0). We will write M n for the ideal subscheme of R n which corresponds to M n . If A is a k-algebra, set
is a (covariant) representable functor from the category of k-algebras to the category of R n -algebras (a representing object is the ring of the affine scheme R n ). The functor R n (−) respects monomorphisms and epimorphisms, i.e., if φ : B → A is a monomorphism (respectively, epimorphism) of k-algebras, then R n (φ) : R n (B) → R n (A) is a monomorphism (respectively, epimorphism) of R n -algebras. This follows from the fact that, as a map of sets, R n (φ) is simply the map φ n+1 :
Lemma 2.1. Let A be a k-algebra and let I and J be ideals of A. Then
Proof. This follows from the fact that R n (−) is representable.
Note that, in the equal characteristics case, (2.5) yields
In the unequal characteristics case, the following holds.
Proposition 2.2. Assume that R is a ring of unequal characteristics. For any k-algebra A, there exists a canonical epimorphism of R n -algebras
If A = A p , then the preceding map is an isomorphism.
Proof. See [Lip, Proposition A.1(ii) , p. 74].
Remark 2.3. Let A be a finitely generated (respectively, finite) k-algebra. In the equal characteristics case, it is clear from (2.7) that R n (A) is a finitely generated (respectively, finite) R n -algebra. Assume now that R is a ring of unequal characteristics. We claim that, if A = A p , then R n (A) is a finitely generated (respectively, finite) R n -algebra. Indeed, by [Blo, Lemma 5.2, p. 215] , W n+1 (A) is a finitely generated (respectively, finite) W n+1 (k)-algebra. On the other hand, by (2.3) and Proposition 2.2, there exists a canonical isomorphism of R n -algebras
Lemma 2.4. For any k-algebra A and any pair of integers m, n with n ≥ 1 and n ≥ m ≥ 0, the ring homomorphism
Proof. This is immediate from the first assertion in [Gre2, Lemma 1, p. 257] .
Remark 2.5. Recall the uniformizing element π fixed previously. Then, for every integer n ≥ 1, the R-module homomorphism R → M n , r → rπ + m n+1 , induces an isomorphism of R n -modules R n−1 ≃ M n . This isomorphism induces, in turn, an isomorphism R n−1 ≃ M n as R n -modules. Thus, for any k-algebra A, there exists an isomorphism of R n (A)-modules R n−1 (A) ≃ M n (A). More generally, M n (A) m+1 ≃ R n−m−1 (A) as R n (A)-modules if m ≥ 0 and n ≥ m + 1. When R = W (k) in the unequal characteristics case, so that R n−1 (A) = W n (A) for any k-algebra A, the isomorphism
is induced by the Verschiebung operator [Ill, p. 505 ].
Next we consider extensions of R. We begin with the unramified case. For any finite subextension k ′ /k of k/k, there exists a uniquely determined finite unramified extension
where the direct limit extends over the finite unramified extensions
where the direct limit extends over the finite subextensions L/K of K ′ /K corresponding to the finite subextensions of k ′ /k. Now letR ′ denote the m-adic completion of R ′ . ThenR ′ is a complete discrete valuation ring with residue field k ′ . We will say thatR ′ is the unramified extension of R which corresponds to k ′ /k. By [Bou, III, §4, proof of Proposition 8(iii), p. 205] , for any integer n ≥ 0 we have
We will write S ′ n for SpecR 
in the equal characteristics case and
in the unequal characteristics case. See [SeLF, III, §5] , especially Remark 1 on p. 55. Thus, if n ≥ 0 is an integer, then (2.10), (2.11) and (2.3) (recall that k ′ is perfect) show that (2.12)
in the unequal characteristics case. The preceding formulas also hold if k ′ /k is infinite, as follows from (2.12) and (2.13) by a direct limit argument using (2.8) and the fact that the functors R n ⊗ R (−) and W n (−) commute with filtered direct limits [EGA IV 3 , Corollary 8.14.2.2]. Thus let k ′ /k be any subextension of k/k. By (2.9) and (2.12), in the equal characteristics case we have
On the other hand, by (2.9), (2.11) and (2.13), in the unequal characteristics case we have
Lemma 2.6. Let k ′ /k be a subextension of k/k and letR ′ be the unramified extension of R which corresponds to k ′ /k. Then, for every integer n ≥ 0, there exists a canonical isomorphism of R n -algebraŝ
Proof. In the equal characteristics case, the lemma follows by combining (2.7) and (2.14). In the unequal characteristics case, the lemma is immediate from (2.15) and Proposition 2.2.
Note that, in the previous lemma, the field k ′ is being regarded as a k-algebra. In general, if A is a k ′ -algebra, where k ′ /k is a subextension of k/k, A (k) will denote the ring A regarded as a k-algebra. By Lemma 2.6, the R n -algebra R n (A (k) ) is canonically endowed with anR ′ n -algebra structure. Lemma 2.7. Let k ′ /k be a subextension of k/k and letR ′ be the unramified extension of R which corresponds to k ′ /k. Then, for every integer n ≥ 0, there exists a canonical isomorphism of k ′ -ring schemes
Proof. In the equal characteristics case, the result follows from (2.17), (2.4) and (2.14). In the unequal characteristics case, it suffices to check that the fpqc sheaves of sets on the category of k ′ -algebras represented by the k ′ -schemes R n × Spec k Spec k ′ and R ′ n are isomorphic. Since, by (2.1) and [Lip, Appendix A] , the indicated sheaves are the sheaves associated to the functors on k
This follows from (2.15).
Lemma 2.8. Let k ′ /k be a finite subextension of k/k and let R ′ be the unramified extension of R which corresponds to k ′ /k. Then, for every n ≥ 0 and every k-algebra A, there exists a canonical isomorphism of R
In the equal characteristics case, (2.7) yields
n . Now assume that R is a ring of unequal characteristics. Since k ′ is anétale k-algebra, there exists a canonical isomorphism of R n (A)-algebras
by [Lip, Theorem C.5(i), p. 84] . Now, by (2.1) and Lemma 2.7, there exists a canonical isomorphism of R
On the other hand, by 2.15, there exists a ring isomorphism
which is canonical, i.e., functorial in A. Consequently the diagram
commutes and α A is therefore an isomorphism of R ′ n -algebras. This completes the proof.
Remark 2.9. The preceding lemma remains valid if k ′ /k is infinite provided R ′ is replaced byR ′ in the statement. The proof reduces to the above proof via a limit argument using the fact that the functors R n (−) and W n (−) commute with filtered direct limits [EGA IV 3 , Corollary 8.14.2.2].
The following lemma applies to possibly ramified finite extensions of R.
Lemma 2.10. Let R ′ be a finite extension of R with perfect residue field k ′ and ramification index e. Then, for every integer n ≥ 1 and every k-algebra A, there exists a canonical isomorphism of
Proof. In the equal characteristics case, the proof is similar to the proof of the corresponding case of Lemma 2.8. In the unequal characteristics case, if R ′ /R is totally ramified (respectively, unramified), the result is [NS, Lemma 2.7, p. 1593] (respectively, Lemma 2.8 above). The general case follows by combining these two cases. [EGA IV 4 , Corollary 18.12 .11], a morphism of schemes is a universal homeomorphism if, and only if, it is integral, surjective and radicial. In particular, a universal homeomorphism is affine [EGA II, (6.1.2)] . Recall now that a nilimmersion is a surjective immersion or, equivalently, a closed immersion defined by a nilideal [EGA I new , (4.5.16), p. 273] . Such a morphism is a homeomorphism. By [EGA I new , Propositions 3.6 .1(ii) and 4.3.6(ii), pp. 244 and 264], the class of nilimmersions is stable under base change. Consequently, a nilimmersion is a universal homeomorphism. In particular, a nilpotent immersion, i.e., a closed immersion defined by a nilpotent ideal, is a universal homeomorphism.
Weil restriction generalities. Recall that a morphism of schemes is
Remark 2.11. If f is a morphism of one-point schemes which admits a section (i.e., a right inverse), then f is a universal homeomorphism by [EGA I new , Proposition 3.8.2(iv), p. 249]. In particular, let F be an algebraically closed field and let A be a local ring which is also a finite F -algebra. Then A is an artinian local ring [AM, §8, Exercise 3, p. 92] and therefore Spec A is a one-point scheme. Further, the residue field of A may be identified with F [AM, Corollary 7.10, p. 82] . Consequently, the structure morphism Spec A → Spec F admits a section and is therefore a universal homeomorphism.
Let f : S ′ → S be a finite and locally free morphism of schemes and let X ′ be an S ′ -scheme. We will say that the Weil restriction of
, is represented by an S-scheme ℜ S ′ /S (X ′ ). We will also say, more concisely, that ℜ S ′ /S (X ′ ) exists. If this is the case, then, for every S-scheme T , there exists a canonical bijection
If S ′ = Spec A and S = Spec B are affine, we will write
This follows from (2.16) by applying (2.1) (twice) and using the fact that
′ → S be a finite and locally free morphism of schemes. Since f is affine [EGA II, (6.1 
.2)], there exists an isomorphism of S-schemes S
Thus γ(f ; s) is the cardinality of the geometric fiber of f over s. By [EGA IV 2 , Proposition 4.5.1], γ(f ; s) is independent of the choice of k(s). Note that, since # Spec A(s) = # Spec A(s) red and A(s) red is isomorphic to a finite product of copies of k(s) (cf. [AM, proof of Theorem 8.7, p. 90 
If S is a one-point scheme (e.g., S = Spec B, where B is an artinian local ring) we will write γ(f ) for γ(f ; s), where s ∈ S is the unique point of S.
Remarks 2.12.
A is a finiteétale k-algebra and f : Spec A → Spec k is the corresponding morphism of schemes, then γ(f ) = dim k A. This follows from (2.19) using the fact that, if k is an algebraic closure of k, then A ⊗ k k is reduced [Bou2, V, §6, no.7, Theorem 4, p. A.V.34] . In particular, if k ′ /k is a finite extension of perfect fields and f : Spec k ′ → Spec k is the corresponding finite and locally free morphism, then γ(f ) = [k ′ : k]. (c) Let g : T → S be any morphism of schemes and consider the finite and locally free morphism f × S T :
. Now, by [AM, Theorem 8.7, p . 90], we may write
, where each A i is a local ring which is also a finite k(s)-algebra. Since each morphism Spec
is a (universal) homeomorphism for every s ∈ S and therefore γ(h; s) = γ(f ; s). Definition 2.13. Let f : S ′ → S be a finite and locally free morphism of schemes.
′ , where γ(f ; s) is the integer (2.18).
If S ′ = Spec A and S = Spec B are affine, we will also say that X ′ is admissible relative to B/A. Remarks 2.14. ′ → S are one-point schemes, then γ(f ; s) = 1 for every s ∈ S and therefore every S ′ -scheme is admissible relative to f . This is the case, for example, if f is a universal homeomorphism.
′ is an affine morphism of S ′ -schemes, then Y ′ is admissible as well. This is immediate from Definition 2.13 using [EGA I new , Proposition 9.1.10].
(e) If X ′ is an S ′ -scheme which is admissible relative to f and g : T → S is an affine morphism of schemes, then the
Since the latter collection of points is contained in an open affine subscheme of X ′ and
Theorem 2.15. Let f : S ′ → S be a finite and locally free morphism of schemes and let X ′ be an S ′ -scheme which is admissible relative to f . Then
Proof. See [BLR, §7.6, Theorem 4, p. 194] and note that in the last paragraph of that proof the set of points {z j } in S ′ × S T lying over a given point z ∈ T , where g : T → S is an arbitrary S-scheme, has cardinality at most γ(f ; s) by Remark 2.12(a), where s = g(z). Thus the corresponding set of points {x j } ⊂ X ′ considered in [BLR, p. 195, has cardinality at most γ(f ; s), whence it is contained in an open affine subscheme of X ′ by Definition 2.13. This is the condition needed in [loc.cit.] to complete that proof.
Corollary 2.16. Let f : S ′ → S be a finite and locally free morphism of schemes which is a universal homeomorphism.
Proof. This is immediate from the theorem and Remark 2.14(c).
Remark 2.17. Let n ≥ 0 be an integer, let R be a ring of equal characteristics and recall the morphism Spec(q n τ R ) : S n → Spec k. Since the nilpotent immersion θ 0 n : Spec k → S n is a universal homeomorphism and Spec(q n τ R ) is a retraction (i.e., left inverse) of θ 0 n , Spec(q n τ R ) is a universal homeomorphism as well by [EGA I new , Proposition 3.8.2(iv), p. 249]. Thus, by the corollary, ℜ Rn/k Z) exists for any R nscheme Z.
Let R be as in Subsection 2.3 and let R ′ be a finite extension of R with maximal ideal m ′ , perfect residue field k ′ and ramification index e. Set S ′ = Spec R ′ and
In particular,
Now observe that, since R is noetherian and R → R ′ is finite and flat (see, e.g., [MiEt, Remark 2.3, p. 8] ), S ′ → S is finite and locally free. Therefore the induced morphism f n : 
Thus, Z is admissible relative to S ′ ne−1 → S n−1 if, and only if, any set of [k Lemma 2.19. Let n ≥ 1 be an integer and let Z be an S ′ ne−1 -scheme which is admissible relative to
Proof. Since S 0 → S n−1 is affine and S ′ ne−1 × S n−1 S 0 equals S ′ e−1 by (2.21), Remark 2.14(e) shows that the
is admissible relative to S ′ 0 → S 0 , as claimed. Lemma 2.20. Let X ′ be an S ′ -scheme which is admissible relative to S ′ → S and let n ≥ 1 be an integer. Then the
Proof. This is immediate from Remark 2.14(e) using (2.20).
2.5. Vector bundles. Let G be a group scheme over a scheme S with unit section ε : S → G and let Ω 
be the S-vector bundle associated to ω G/S . See [EGA II, 1.7.4, 1.7.8] 
By [EGA II, 1.7.9 
Now let k be a field and let G be a locally algebraic k-group scheme. Then ω G/k is a free k-module of finite rank d = dim k Lie(G) [DG, II, §4, Corollary 3.6, p. 208] , where Lie(G) = Lie(G/k)(k). The choice of a basis of ω G/k determines an isomorphism of k-group schemes (2.24)
Note that, by [DG, II, §5, 1.3, and an fppf morphism is an fpqc morphism. Assume that, for any object X → S in C and any fpqc (respectively, fppf) morphism U → X, the composite U → X → S is an fpqc (respectively, fppf) morphism. The fpqc (respectively, fppf) topology on C is the topology in which the coverings are collections of flat morphisms {X α → X} in C such that the induced morphism X α → X is an fpqc (respectively, fppf) morphism. Clearly, the fpqc topology is finer than the fppf topology. If τ = fpqc or fppf, we will write C τ for the category C endowed with the τ topology. The category of sheaves of sets will be denoted by C ∼ τ . On both of the sites mentioned above, every representable presheaf is a sheaf [Vis, Theorem 2.55, p. 34] . Therefore the functor h S : C → C 
→ H → 1 be a sequence of group schemes in C which is exact for the τ topology on C, where τ = fppf or fpqc. Then i identifies F with the scheme-theoretic kernel of q, i.e., F = Kerq = G × H S, and q is a surjective morphism of schemes.
Proof. Since Kerq represents the functor Ker(h S (q) : h S (G) → h S (H)) = h S (F ), i.e., h S (Kerq) = h S (F ), the first assertion is clear. Now, by [EGA I new , Proposition 3.6.2, p. 244] , in order to show that q : G → H is surjective it suffices to check that, for every field K and every morphism h : Spec K → H, there exists an extension K ′ of K and a morphism g : Spec Lemma 2.22. Let q : G → H be a morphism of group schemes in C. If q is an fppf (respectively, fpqc) morphism, then the sequence of group schemes
is exact for the fppf (respectively, fpqc) topology on C.
Proof. It suffices to check that q is an epimorphism in C ∼ fppf (respectively, C ∼ fpqc ). Let h : Z → H be a morphism in C. If q is an fppf (respectively, fpqc) morphism, then q × H Z : G × H Z → Z is an fppf (respectively, fpqc) morphism by [EGA I [Vis, Proposition 2.35(v) , p. 28]). Thus q × H Z is an fppf (respectively, fpqc) covering and q • pr 1 = h • (q × H Z), where pr 1 : G × H Z → G is the first projection. This completes the proof.
In the next two lemmas, k denotes a fixed algebraic closure of a given field k.
Lemma 2.23. Let k be a field and let q : G → H be a flat morphism between locally algebraic k-group schemes.
(i) If q k : G k → H k is surjective, then q is surjective.
(ii) If q is faithfully flat, then q is an fppf morphism. Lemma 2.24. Let k be a field and let q : G → H be a flat morphism between locally algebraic k-group schemes. Assume that q k : G k → H k is surjective. Then the sequence of k-group schemes
is exact for both the fppf and fpqc topologies on (Sch/k).
Proof. By Lemma 2.23, q is an fppf morphism and therefore also an fpqc morphism. The lemma is now immediate from Lemma 2.22.
Lemma 2.25. Let k be a field and let q : G → H be a surjective and quasi-compact morphism between locally algebraic k-group schemes, where H is smooth. Then q is flat. (i) The given pair of morphisms induces a sequence of locally algebraic k-group schemes 1 → Kerf → Ker(g •f ) → Kerg which is exact for both the fppf and fpqc topologies on (Sch/k).
(ii) If f is faithfully flat, then the sequence of locally algebraic k-group schemes
Proof. Since F and G are locally algebraic, f, g and g •f are locally of finite type by [EGA I 
→ Kerg whose kernel is canonically isomorphic to Kerf . Assertion (i) is now clear. Now, if f is faithfully flat, then so also is f × H Spec k : Ker(g • f ) → Kerg by [EGA IV 2 , Corollary 2.2.13(i)]. Thus, by Lemma 2.23(ii), f × H Spec k is an fppf morphism. Assertion (ii) now follows from Lemma 2.22.
The Greenberg functor of finite level
Let n ≥ 0 be an integer. If Y is a k-scheme, we will write R n (O Y ) for the Zariski sheaf on Y given by U → R n (U) = Hom k (U, R n ). Thus, if U = Spec A is an affine subscheme of Y , then Γ (U, R n (O Y )) = R n (A). It is shown in [Gre2, Proposition 
1, p. 258] that the locally ringed space h
Now recall the ideal subscheme M n of R n which corresponds to the maximal ideal
The next lemma follows from Lemma 2.4 in a standard way.
Lemma 3.1. Let Y be a k-scheme. For any pair of integers m, n with n ≥ 1 and n ≥ m ≥ 0, there exists an exact sequence of Zariski sheaves on Y
Remark 3.2. The lemma shows that, for any k-scheme Y and every pair of integers m, i ≥ 0, there exists a nilpotent immersion of schemes δ
commutes 
Now, for any R n -scheme Z, consider the contravariant functor
Let n ≥ 0 be an integer. For any R n -scheme Z, the functor (3.4) is represented by a k-scheme which is denoted by Gr R n (Z) and called the Greenberg realization of Z. The assignment
is a covariant functor called the Greenberg functor of level n, and the bijection
, Z is functorial in the variables Y ∈ (Sch/k) and Z ∈ (Sch/R n ). If Z is of finite type (respectively, locally of finite type) over R n , then Gr R n (Z) is algebraic (respectively, locally algebraic).
Proof. By [Gre1, Theorem, p. 643] 1 , if Z is of finite type over R n , then Gr R n (Z) exists, is algebraic and the bijection (3.6) is bifunctorial. In [Gre1] , Gr R n (Z) is constructed in a number of steps from the particular case Gr [Gre1, Proposition 3, p. 638 ] for this particular case). The same construction can be used to define Gr R n (Z) for any Z starting from the following definition. Let {x i } i∈I be a (possibly infinite) family of independent indeterminates and set A (I )
, where the inductive limit extends over all finite subsets J of I (ordered by inclusion). Thus A (I )
Rn in the category of R n -schemes. Now set
is a projective system of affine k-schemes, Gr
Rn is an affine k-scheme by [EGA IV 3 , Proposition 8.2.3] . It remains to check that (3.6) holds for Z = A 
by (2.2). Finally, the fact that Gr R n (Z) is locally algebraic if Z is locally of finite type over R n follows from [Gre1, proof of Proposition 7, p. 642] using the fact that (3.5) transforms affine R n -schemes of finite type into affine algebraic k-schemes by [Gre1, Corollary 1, p. 639] .
By [Gre1, Proposition 3, p. 638] , the functor (3.5) satisfies (3.7) Gr R n (S n ) = Spec k. Lemma 3.4. Let n ≥ 0 be an integer and let Z be an R n -scheme.
1 In [Gre1, Gre2] , h R n and Gr Proof. Assertion (i) is immediate from (3.1) and (3.6). Assertion (ii) follows from (i) using Lemma 2.6. 
We note that the preceding formula does not hold for arbitrary k-schemes Y . In particular, the formulas in [ADT, p. 259, line 5] and [BLR, p. 276, are incorrect, as previously observed in [NS, p. 1592] . Note, however, that if R is absolutely unramified, then R n = W n+1 and h R n (Y ) = W n+1 (Y ) for any k-scheme Y . (e) The functor (3.5) respects fiber products [Gre1, Theorem, p. 643] . Consequently, Gr R n defines a covariant functor from the category of R n -group schemes to the category of k-group schemes.
For any k-scheme Y and S n -scheme Z, let
, Z be the bijection (3.6) and let
be its inverse. Since (3.6) is functorial in both variables, the following identities hold:
where
Note also that (3.12) yields the identity
The following lemma extends the adjunction formula (3.6).
Lemma 3.6. Let n ≥ 0 be an integer. Let Z ′ be an S n -scheme, let Z be a Z ′ -scheme and let Y be a Gr
The change of level morphism
Let m, i ≥ 0 be integers, let Z be an S m+i -scheme and recall the nilpotent immersion δ
The composition of (4.1) and (4.2) is the map
. Now, for any morphism of S m+i -schemes f :
be the image of Gr
under the map (4.3). By (3.15), we have
.
We will write
, where p 1 : Z × S m+i S m → Z is the first projection. We will refer to (4.6) as the change of level morphism associated to the S m+i -scheme Z. Note that, if n ≥ 0 is an integer and Z is an S n -scheme then, by Remark 3.5(a),
The preceding constructions are functorial, i.e., the following diagram commutes
In particular, if Z is an S m+i -group scheme, then the change of level morphism (4.6) is a morphism of k-group schemes (i.e., a homomorphism).
To check the commutativity of (4.8), let w satisfy (4.7). Then
i.e.,ṽ := (f × S m+i S m ) • w satisfies (4.5). Therefore, by (4.6), (3.13) and (4.4), we have Gr
i.e., the right-hand triangle in (4.8) commutes.
On the other hand, let
By the commutativity of (3.3), (3.14) and (3.15), we have
) satisfies (4.5). Therefore, by (4.6) for Z ′ , (3.11) and (4.4), we have
i.e., the left-hand triangle in (4.8) commutes as well.
Proposition 4.1. Let m, i ≥ 0 be integers and let f : Z → Z ′ be a formallyétale morphism of S m+i -schemes. Then the diagram (4.8) is cartesian.
Proof. By [EGA I new , (1.2.4), p. 27], we must show that, if T is a scheme and
then there exists a unique morphism of schemes g :
and ϕ
. Indeed, by (3.12), (4.9), (4.6) for Z ′ , (3.10), (4.7) for Z ′ , the commutativity of (3.3) and (3.14), we have
Thus we obtain a map
is a nilpotent immersion and f : Z → Z ′ is formallý etale, the preceding map is a bijection by [EGA IV 4 , Remark 17.1.2(iv)]. Consequently, there exists a unique morphism of schemes v :
By (4.7), the commutativity of (3.3) and (3.14), we have the following equalities in
Consequently, since (2.1) is a bijection, we have ϕ
. Thus, by (3.11) and (4.6),
Finally, by (3.13),
Corollary 4.2. Let n ≥ 0 be an integer and let f : Z → Z ′ be a formallyétale morphism of S n -schemes. Then Gr
where α is an isomorphism of k-schemes and the second projection p 2 may be identified with
Proof. This is immediate from the proposition and the definitions [EGA I new , (1.2.2) and (1.2.4), pp. 26-27]. The map α is characterized by
Proposition 4.3. Let m, i ≥ 0 be integers and let Z be an S m+i -scheme. Then the change of level morphism
The proof of [Gre1, Proposition 7, p. 641] 2 shows that Gr 
is affine for every j by Remark 3.5(b), the proof is complete.
For ease of reference, we record the following immediate corollary of the proposition (see [EGA I 
Proof. By [EGA I new , Proposition 3.6.2, p. 244] , it suffices to check that, for any field extension K/k, the canonical map
This proof depends only on (3.6) and is valid independently of the finiteness hypothesis made in [loc.cit.] .
is surjective. Let t : Spec K → Gr R m (Z × S m+i S m ) be a k-morphism. By (3.1) and Remark 3.2, the morphism δ m,i
is a nilpotent immersion of affine S m+i -schemes. Thus, by [EGA IV 4 , Definition 17.1.1], the canonical map 
Basic properties of the Greenberg functor
Proposition 5.1. Let n ≥ 0 be an integer and let Z be a quasi-projective S n -scheme. Then Gr R n (Z) is a quasi-projective k-scheme. Proof. By Remark 3.5(a), the proposition is clear if n = 0. Let n ≥ 1 and assume that the proposition holds for quasi-projective S n−1 -schemes. In particular, Gr R n−1 (Z × Sn S n−1 ) is quasi-projective over k. Since Z is of finite type over S n , Gr R n (Z) and Gr Proposition 5.2. Let n ≥ 0 be an integer. Consider, for a morphism of schemes, the property of being:
(i) quasi-compact; (ii) quasi-separated; (iii) separated; (iv) locally of finite type; (v) of finite type; (vi) affine. If P denotes one of the above properties and the R n -morphism f : X → Y has property P , then the k-morphism Gr
Proof. By Remark 3.5(a), the proposition is trivially true if n = 0. Thus we may assume that n ≥ 1. In the case of property (i), the proof is by induction. Since f × Sn S n−1 : X × Sn S n−1 → Y × Sn S n−1 is quasi-compact [EGA I new , Proposition 6.1.5(iii), p. 291], the induction hypothesis implies that the bottom horizontal map in the commutative diagram
On the other hand, by Proposition 4.3, the vertical morphisms in the above diagram are affine and therefore separated and quasi-compact [EGA I new , Proposition 9.1.3, p. 354] . Consequently Gr R n (X) → Gr R n (Y ) is quasi-compact by [EGA I new , Propositions 6.1.4 and 6.1.5(v), p. 291] . To prove the proposition for properties (ii) and (iii), assume that f is quasi-separated (respectively, separated), i.e., the diagonal morphism ∆ f : X → X × Y X is quasi-compact (respectively, a closed immersion). Then, by the first part of the proof and Remarks 3.5, (b) and (e), Gr
is quasi-compact (respectively, a closed immersion), i.e., Gr R n (f ) is quasi-separated (respectively, separated). To prove the proposition for property (iv), we may assume that X = Spec A and Y = Spec B, where B is an R n -algebra and A is a finitely generated B-algebra of rank d ≥ 0 (say). Further, since Spec A → Spec B factors as Spec A ֒→ A 
is affine, the proof is complete. Proposition 5.3. Let n ≥ 0 be an integer and let f : Z → Z ′ be a formally smooth (respectively, formally unramified, formallyétale) R n -morphism of schemes. Then Gr
is a formally smooth (respectively, formally unramified, formallyétale) k-morphism. 
induced by ι is surjective (respectively, injective, bijective). By (3.6), the morphism
Further, since h R n respects closed immersions [Gre2, Proposition 1, p. 258] , (3.1) and Lemma 2.1 show
is a nilpotent immersion. Thus, since f is formally smooth (respectively, formally unramified, formallý etale), the bottom horizontal map in the diagram
, Z , whose vertical maps are the canonical isomorphisms of Lemma 3.6, is surjective (respectively, injective, bijective). Hence the top horizontal map has the same properties.
Corollary 5.4. Let n ≥ 0 be an integer and let f : Z → Z ′ be a smooth (respectively, unramified,étale) R n -morphism. Then Gr
is a smooth (respectively, unramified,étale) k-morphism.
Proof. By [EGA IV 4 , Definition 17.3 .1] and [EGA I new , (6.2.1.2), p. 298] , this follows from the proposition and Proposition 5.2(iv).
Corollary 5.5. Let n ≥ 0 be an integer. If Z is a smooth (respectively, unramified,étale) S n -scheme, then Gr R n (Z) is a smooth (respectively, unramified,étale) k-scheme.
Proof. This is immediate from the previous corollary using (3.7).
Proposition 5.6. Let n ≥ 0 be an integer and let (Z λ ) λ∈Λ be a projective system of R n -schemes with affine transition morphisms, where Λ is a directed set. Then (Gr R n (Z λ )) λ∈Λ is a projective system of k-schemes with affine transition morphisms and Gr
Proof. Recall from Subsection 2.1 that lim ← − Z λ exists in (Sch/R n ) and therefore Gr R n lim ← − Z λ is defined. The first assertion is clear from Proposition 5.2(vi) and the second follows from (3.6), (2.2) and Yoneda's lemma [EGA I new , Proposition 1.1.4, p. 20] , as in the proof of Proposition-Definition 3.3.
Remark 5.7. In general, the functor Gr R n does not preserve certain properties of morphisms such as properness or flatness. Indeed, assume that R is a ring of equal characteristics p > 2, so that Gr R n = ℜ Rn/k by Remark 3.5(c). For the fact that ℜ Rn/k does not preserve properness when n > 0, see [CGP, Example A.5.6 ]. To construct a counterexample in the case of flatness, we may work with affine schemes or, equivalently, algebras. Consider the free
is the canonical map induced by the inclusion
. Indeed, since x 0 y 0 = 2y 2 0 y 1 = 0 in B, the A-regular element x 0 ∈ A is a zero divisor in B and therefore not B-regular. See [Mat, (1.0) , p. 12, and (3.F), p. 21].
6. Weil restriction and base extension Lemma 6.1. Let R ′ be a finite extension of R with perfect residue field k ′ and ramification index e. Then, for every integer n ≥ 1 and every k-scheme Y ,
Proof. Since (3.2) is local for the Zariski topology, we may assume that Y = Spec A, where A is a k-algebra. By Lemma 2.10,
Lemma 6.2. Let R ′ be a finite extension of R with perfect residue field k ′ and ramification index e and let n ≥ 1 be an integer. If Z is an S ′ ne−1 -scheme which is admissible relative to S ′ ne−1 → S n−1 (see Definition 2.13), then the k ′ -scheme Gr
is an affine morphism of k ′ -schemes by Proposition 4.3, Gr R ′ ne−1 (Z) is admissible relative to k ′ /k by Remark 2.14(d).
Theorem 6.3. Let R ′ be a finite extension of R with perfect residue field k ′ and ramification index e. Let n ≥ 1 be an integer and let Z be an S ′ ne−1 -scheme which is admissible relative to
The existence assertions follow from Theorem 2.15 using the previous lemma. The formula of the theorem now follows from Lemma 6.1 using the adjunction formula (3.6), the definition of the Weil restriction functor (2.16) and Yoneda's lemma [EGA I new , Proposition 1.1.4, p. 20].
Proposition 6.4. Let R ′ be a finite and totally ramified extension of R of degree e and let Z be an arbitrary S ′ ne−1 -scheme. Then ℜ S ′ ne−1 /S n−1 (Z) exists and Gr
Proof. The existence assertion is Remark 2.18. The formula now follows from Lemma 6.1 using (3.6), (2.16) and Yoneda's lemma, as in the previous proof.
The behavior of the Greenberg realization functor (3.5) under finite extensions of R was discussed in [NS, Theorem 3 .1] for R n -schemes of finite type. Below we extend [NS, Theorem 3 .1] to arbitrary R n -schemes. We begin with the unramified case, where infinite extensions of R are allowed.
Proposition 6.5. Let k ′ /k be a subextension of k/k and letR ′ be the unramified extension of R which corresponds to k ′ /k. Then, for every integer n ≥ 0 and every S n -scheme Z, there exists a canonical isomorphism of k ′ -schemes
′ n → S n be the morphism which is induced by the canonical map R n →R ′ n . Note that g 0 is the morphism Spec k ′ → Spec k. For any k ′ -scheme T , (2.1) and Lemma 2.7 yield a canonical isomorphism of S n -schemes hR
The proposition now follows from (2.1) and (3.6).
Proposition 6.6. Let R ′ be a finite extension of R with perfect residue field k ′ and ramification index e. For any integer n ≥ 1 and any S n−1 -scheme Z, there exists a canonical closed immersion of k ′ -schemes
′ /R is unramified, the preceding map is an isomorphism.
Proof. The second assertion is a particular case of Proposition 6.5. If Z is of finite type over S n−1 , the first assertion was established in [NS, Theorem 3 .1] by a method which can be extended without difficulty to arbitrary Z provided the finitedimensional affine space A N R n−1 considered in [NS, proof of Lemma 3.5, p. 1598 ] is replaced by the affine space A
introduced in the proof of Proposition-Definition 3.3. We omit the details.
Group schemes
Proposition 7.1. Let n ≥ 0 be an integer and let 1 → F → G q → H → 1 be a sequence of R n -group schemes which are locally of finite type. Assume that q is smooth and that the given sequence is exact for the fpqc topology on (Sch/R n ). Then the induced sequence of locally algebraic k-group schemes
Proof. Let η and Gr R n (η) denote the indicated sequences. Note that, by Lemma 2.21, F → G identifies F with the kernel of q and q is surjective. Further, since a smooth morphism is flat and locally of finite presentation [EGA IV 4 , Definition 17.3.1 and Theorem 17.5.1], q is an fppf morphism and Lemma 2.22 shows that η is also exact for the fppf topology on (Sch/R n ). Now the sequence Gr [Dix, Theorem 11.7, p. 180, and Remark 11.8.3, p. 182 ] (see also [SGA3 new , XXIV, Proposition 8.1]). Since H 1 et k, F × Sn Spec k is trivial, the proof is complete. The change of level morphism (4.6) for group schemes has been discussed before in the unequal characteristics case (and for commutative groups) when the residue field k is algebraically closed [Beg, . We now discuss this morphism in the more general context of this paper.
Let Z be an S-scheme. For each integer n ≥ 0, set 2.1) ). Set C = R i−1 (A). By Remark 2.5, J is isomorphic to C as a B-module. Further, since 2(m + 1) ≥ m + i + 1, we have J 2 = 0 by Lemma 2.4. Now [DG, II, §4, Theorem 3.5, p. 208] shows that the kernel of Gr 
